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NETWORK ANALYSIS

Network analysis consists of a set of techniques for
modeling processes that occur on networks. A net-
work is any connected set of vertices (e.g., road inter-
sections) and edges (e.g., road segments between
intersections) and can represent a transportation or
communications system, a utility service mechanism.
or a computer system, to name only a few network
applications. Although network analysis is a broad
and growing discipline within geographic information
science (GISci), this entry addresses the topic by iden-
tifying and outlining three major components of net-
work analysis: finding locations on networks, routing
across networks, and network flow analysis.

Location on Networks

Both the process of locating network elements them-
selves and the process of locating facilities on existing
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networks can be structured as optimization problems,
which are problems that seek to minimize or maxi-
mize a particular goal within a set of constraints. As
an example, the minimum spanning tree problem
seeks to find locations for new network edges such
that the cost of constructing those edges is minimized
yet every node or vertex is connected to the network.
Both Kruskal’s and Prim’s algorithms solve this prob-
lem using a greedy approach that sequentially chooses
the next minimum cost edge and adds it to the network
until all locations are connected. Other objectives in
designing networks may be to maximize the connec-
tivity of the network under a cost constraint or to min-
imize the dispersion of the network nodes.

Location on networks involves selecting network
locations on an existing network such that an objec-
tive is optimized. These problems can be differenti-
ated by the objective function, by the type of network
on which location occurs, or by the number of facili-
ties to locate. Since it is not possible to outline all
possible permutations of these factors in this entry,
several classic location objectives on networks are
presented here.

Median problems on networks seek to locate facil-
ities such that the demand-weighted distance is mini-
mized. That is, it is assumed that varying demand for
service exists at the nodes of the network, and facili-
ties would be best located if the total cost incurred in
transporting the demand to a facility is at a minimum.
When a single facility is being located, this problem is
termed the Weber problem, due to Alfred Weber’s
early work on the location of industries. When a sin-
gle facility is located on a Manhattan network (a rec-
tangular network of intersecting edges such as the
road network in Manhattan), the point of minimum
aggregate travel can be determined by finding the
median point along both of the axes of the network.
When more than one facility is to be located, this
problem is termed the p-median problem, where p
designates the number of facilities to be located. Due
to the combinatorial complexity of this problem, it is
very difficult to solve large-problem instances, and
therefore the p-median problem is one that demands
substantial research effort.

As with many network location problems, the
p-median problem can be formulated as a linear pro-
gramming optimization model. Such a model consists
of an objective function to be optimized, a set of con-
straints, and sets of decision variables that represent
decisions about where to locate on the network. The

goal is to determine the values of those variables such
that the objective is optimized, while respecting the
constraints. The notation for the p-median formula-
tion consists of

i and j = indices of network node locations that
serve as both demand locations (i) and
potential facility sites (j),

a = the level of demand at network
location i,

d,.,. = the distance (or cost of travel)
between network locations i and j,
and

P = the number of facilities to locate.

The decision variables are defined as

_ ( lif a facility is located at network location j
YT 0 otherwise

_( lif demand at i is served by a facility
Yij = at network location j
0 otherwise

With this notation defined, one can formulate the
objective of minimizing demand-weighted distance as

Minimize Z=2>ad,yv,

T -
This function states that the values of the decision
variables (y;) must be chosen in such a way that the
sum of the products of the demands and their respec-

tive distances to facilities is minimized.
The objective function operates under several sets

of constraints, including

Sy, =Iforalli
J X

which ensures that any demand point i is only
assigned to a single facility location j, and

y;— %<0 forall iand

which ensures that for every pair of locations i and j,
ademand can be assigned to a facility atj (v, = 1) only
if a facility is located at j (x; = 1): and in order to
ensure that exactly P facilities are located, a single
constraint is added:
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Finally, all of the decision variables must be either
0 or 1, since a facility cannot be located at more than
one location and demand ought not be served by more
than one facility:

x,=0,1 forall j
V= 0,1 forall i, j

Although the p-median is a very widely used net-
work location problem, there are a multitude of other
objectives. Among these are center problems that seek
to locate facilities such that the maximum distance
between a demand point and a facility is minimized.
This problem optimizes the worst-case situation on the
network. Still other important problems seek to maxi-
mally cover the demand within an acceptable service
distance. These problems are frequently used for the
purpose of locating emergency service facilities. A vari-
ation of this type of problem seeks to locate facilities
such that flow across the network is covered. These are
termed flow covering or flow interdiction problems.

Routing Across Networks

Routing is the act of selecting a course of travel. The
route from home to school, the path taken by a deliv-
ery truck, or the streets traversed by a transit system
bus are all examples of routing across a network.
Routing is the most fundamental logistical operation
in network analysis. As in location on networks, the
choice of a route is frequently modeled as an opti-
mization problem.

Finding the Shortest Path

Without question, the most common objective in
routing across networks is to minimize the cost of the
route. Cost can be defined and measured in many ways
but is frequently assumed to be a function of distance,
time, or impedance in crossing the network. There are
several extremely efficient algorithms for determining
the optimal route, the most widely cited of which was
developed by Edsgar Dijkstra. Dijkstra’s algorithm
incrementally identifies intermediate shortest paths
through the network until the optimal path from the
source to the destination is found. Alternative algo-
rithms have been designed to solve this problem where

negative weights exist, where all the shortest paths
between nodes of the network must be determined, and
where not just the shortest path but also the 2nd, 3rd,
4th, or kth shortest path must be found.

The Traveling Salesman Problem

The traveling salesman problem (TSP) is a network
routing problem that may also be the most important
problem in combinatorial optimization. This classic
routing problem presumes that a hypothetical sales-
man must find the most cost-efficient sequence of
cities in the territory, stopping once at each and return-
ing to the initial starting location. The TSP has its ori-
gins in the Knight’s Tour problem, first identified by
L. Euler and A. T. Vandermonde in the mid-1700s. In
the 1800s, the problem was identified as an element of
graph theory and was studied by the Irish mathemati-
cian, Sir William Rowan Hamilton, whose name was
subsequently used to describe the problem as the
Hamiltonian cycle problem.

The problem was introduced to researchers
(including Merrill Flood) in the United States in the
early 20th century. Flood went on to popularize the
TSP at the RAND Corporation, in Santa Monica,
California, in late 1940s. In 1956, Flood mentioned a
number of connections of the TSP with Hamiltonian
paths and cycles in graphs. Since that time, the TSP
has been considered one of the classic models in com-
binatorial optimization and is used as a test case for
virtually all advancements in solution procedures.

There are many mathematical formulations for the
TSP, with a variety of constraints that can be used to
enforce variations of the requirements described
above. The most difficult problem in formulating the
TSP involves eliminating subtours, which are essen-
tially smaller tours among a subset of the “cities™ to
be visited. These subtour elimination constraints can
substantially increase the size of the problem instance
and therefore make solution more difficult.

Other Vehicle Routing Problems

The shortest-path problem and the TSP are two
of many different possible vehicle routing problems
(VRPs). Most of the VRPs in the literature are cost
minimization problems, although there are others
that seek to maximize consumer surplus, maximize
the number of passengers, seek equity among
travelers, or seek to minimize transfers while
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encouraging route directness and demand coverage.
A substantial subset of the literature posits that
multiple objectives should be considered. Among
the proposed multiobjective models are those that
trade off maximal covering of demand against min-
imizing cost, those that seek to both minimize cost
and maximize accessibility, and those that trade off
access with service efficiency.

Network Flow Analysis

Most networks are designed to support the flow of
some objects across them. The flow may be water
through a river network, traffic across a road network,
or current through electricity transmission lines. To
model flow, networks must be able to support the con-
cepts of capacity and flow direction. In the context of
geographic information systems (GIS), network
capacity is implemented as an attribute value associ-
ated with features. The concept of flow direction can
be assigned with an attribute value but more accu-
rately is a function of the topological connections to
sources and destinations of tlow (sinks). Using flow
direction, GIS can solve problems such as tracing up-
or downstream.

Beyond simply modeling the concept of flow, there
is a large family of problems known as network flow
problems. The focus of these is on finding the optimal
flow of some objects across the network. [t may be
that the optimal solution is the one that determines the
maximal flow through the network from a source to a
sink without violating capacities. Another problem
tries to find the minimal cost flow of commodities
across the network from a set of sources to a set of
destinations. This problem is sometimes referred to as
the transportation problem, and there are efficient
algorithms (such as the network simplex algorithm)
for optimal solution under certain conditions. When
congestion on the network causes the cost of travers-
ing its edges to vary with the amount of flow moving
across them, the network is said to have convex costs,
and advanced methods allow for the solution of such
problems.

Challenges for Network
Analysis in GISci

There are two primary challenges for researchers
interested in network analysis and GISci. First, the
implementations of network analysis in current

GIS software are in their infancy. In the most recent
network analysis software package from the industry-
leading software developer, there are only four pri-
mary network analysis functions. There are many
network analytical techniques and methods that have
not yet been integrated into GIS.

Second, many network analysis problems are
extremely difficult to solve optimally. These are
so difficult that even modestly sized instances of
these problems cannot be solved by enumeration
or by linear programming methods. The GISci
community must accept the challenge of reformu-
lating problems, developing new solution tech-
niques, and, when necessary, developing good
heuristic or approximate methods to quickly find
near-optimal solutions. Last, there has recently
been increased interest in the use of simulation
methods, such as agent-based modeling and cellu-
lar automaton models to generate optimal solu-
tions to network problems. While addressing these
issues, network analysis will continue to be one of
the most rapidly growing elements of GISci. It has
a deep body of theory behind it and a great diver-
sity of application that encourages continued
research and development.
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